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Abstract. We present the evaluation of a family of logarithmic integrals. 
This provides a unified proof of several formulas in the classical table of inte- 
grals by I. S. Gradshteyn and I. M. Rhyzik. 



1. Introduction 

The values of many definite integrals have been compiled in the classical Table of 
Integrals, Series and Products by I. S. Gradshteyn and I. M. Rhyzik [3]. The table 
is organized like a phonebook: integrals that look similar are place close together. 
For example, 4.229.4 gives 

(1.1) j\n(ln^j (in^j dx = ^)T{ i i) 1 
for Re/x > 0, and 4.229.7 states that 

(1.2) / lnlntanojcfc = -hW — )# v2tt } . 
Jw/4 2 ^T( 3 ) J 

In spite of a large amount of work in the development of this table, the latest version 
of [3] still contains some typos. For example, the exponent u in (1.1) should be 
A list of errors and typos can be found in 

http : // www . matht able . com/errata/ gr6_errata . pdf 

The fact that two integrals are close in the table is not a reflection of the diffi- 
culty involved in their evaluation. Indeed, the formula (1.1) can be established by 
the change of variables v = — In x followed by differentiating the classical gamma 
function 

/•OO 

(1.3) T(p):= t^e'* dt, Re^>0, 

Jo 

with respect to the parameter /i. The function tp(fj.) in (1.1) is simply the logarith- 
mic derivative of r(/z) and the formula has been checked. The situation is quite 
different for (1.2). This formula is the subject of the lovely paper [6] in which the 
author uses Analytic Number Theory to check (1.2). The ingredients of the proof 
are quite formidable: the author shows that 

r /2 d 

(1.4) / lnlntanxcte = —T(s)L(s) at s = 1, 

Jtt/4 ds 
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where 

(1.5) L( s ) = 1-1 + 1 + 

v y v > 3 s 5 s 7 s 

is the Dirichlet L-function. The computation of (1.4) is done in terms of the Hurwitz 
zeta function 

oo 

defined for < q < 1 and Res > 1. The function ((q, s) can be analytically 
continued to the whole plane with only a simple pole at s = 1 using the integral 
representation 



qtf-S — l 

■alt. 



I f 00 e~ qt 

(L7) ««-"-fw^ - 

The relation with the L-functions is provided by employing 

(1-8) L( S ) = 2- 2 *(C( S ,i)-C(s,i)). 

The functional equation 

(1.9) L(l-s)= (l) S S m^r(s)L(s), 



wj 2 
and Lerch's identity 

(1.10) s 'Ml-": log' 



2tt' 

complete the evaluation. More information about these functions can be found in 
[7]- 



In the introduction to [2] we expressed the desire to establish all the formulas 
in [3]. This is a nearly impossible task as was also noted by a (not so) favorable 
review given in [5]. This is the first of a series of papers where we present some of 
these evaluations. 

We consider here the family 

(1.11) f n (a) = / — for n > 2 and a > 0. 

Jo (x-l){x + a) 

Special examples of /„ appear in [3]. The reader will find 

n m\ n 2 +\n 2 a 

(1.12) f 2 (a) 



2(1 + a) 
as formula 4.232.3 and 

In a (it 2 + In 2 a) 



(1-13) / 3 (o) 



3(1 + a) 
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as formula 4.261.4. In later sections the persistent reader will find 

{tt 2 + In 2 a) 2 



U(a) = 
h(a) = 
Ha) = 



4(1 + a) 
lna(7r 2 +ln 2 a)(77r 2 + 31n 2 a) 

15(1 + a) 
(^ 2 +ln 2 a) 2 (37r 2 +ln 2 a) 



6(1 + a) 

as 4.262.3, 4.263.1 and 4.264.3 respectively. 
These formulas suggest that 

(1.14) h n (b) := f n (a) x (1 + a) 

is a polynomial in the variable b = In a. The relatively elementary evaluation of 
/„(a) discussed here identifies this polynomial. 

There are several classical results that are stated without proof. The reader will 
find them in [1] and [2]. 

2. The evaluation 



The expression (1.11) for f n (a) can be written as 

f 1 lu^xdx r°° In^xdx 
fn{a '~J (x-l)(x + a) + A {x-l){x + aY 
and the transformation t = 1/x in the second integral yields 

1 In"" 1 a; da; , _ f 1 In™" 1 x dx 



f 1 In"" 1 aria f 1 _Ln 

fnW J (x-l)(x + a) +[ ij J (x-l)(l + ax) 
The partial decomposition 

1 1111 



(x — l)(x + a) l+oi-l 1 + ax + a 
yields the representation 

j, 1 — ( — l)" -1 f 1 In™ -1 x dx 1 j l In™ -1 x dx ^ i)™ _1 a m ™~ x ^ x 

1 + a J x-1 l + aj x + a l + aj a 1 + ax 

The evaluation of these integrals require the polylogarithm function defined by 

OO 

(2.1) Lim(*)==E^- 

k=l 

This function is sometimes denoted by PolyLog[m, x]. Detailed information about 
the polylogarithm functions appears in [4] . 

Proposition 2.1. For n e N, n > 2 and a > 1 we have 

= (-l)>-l)!C(n), 



ln n " 


1 x dx 


X 


- 1 


In"" 


1 x dx 


X 


+ a 


In"" 


1 x dx 



I 

Jo 

[ '°r+ x t = (-!)"<» - i ) !Li »<-v«) 

7 1 + a 
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Proof. Simply expand the integrand in a geometric series. □ 

Corollary 2.2. The integral f n (a) is given by 
C— 1 ) n (n — 1 V 

fn{a) = 1 + a * [ (1 " ( " 1)n_1 ] C(n) " U " + (- 1 )^ lLi «(-«)} • 

The reduction of the previous expression requires the identity 

(2.2) Li„(z) = ^-™ /2 C (l - u, + ±) - e -Li,(-l/z). 

This transformation for the polylogarithm function appears in 

http : //functions . wolfram . com/10 . 08 . 17 . 0007 . 01 

In the special case z = —a and v = n, with n <G N, n > 2, we obtain 

s„ 1 , , i \ (27r) n /log a 1 

(2.3) (-lr-^-a) - Li„(-l/a) = i_J_B„ + - 

where B n {z) is the Bernoulli polynomial of order n. This family of polynomials is 
defined by their exponential generating function 

(2.4) Ji-^B^l.. 

fe=0 

The classical identity 

(2.5) ((l-k,q) = -^B k (q), for fc e N 

is used in (2.3). Therefore the result in Corollary 2.2 can be written as: 
Corollary 2.3. The integral f n (a) is given by 

,„(.) . tf(n- mi + (-1)1 CM + J™U. (!^ + IY 
1 + a n(l + a) \ 2m 2 J 

We now proceed to simplify this representation. The Bernoulli polynomials 
satisfy the addition theorem 

(2.6) B n (x + y) = J2( 1 f)B j (x)y n - j , 
and the reflection formula 

(2.7) Bn {\-x) = {-lYB n {\+x). 
In particular B n (^) = if n is odd. For n even, one has 

(2.8) B n {\) = (2 1 -" - l)B n , 

where B n is the Bernoulli number B n (0). Thus, the last term in Corollary 2.3 
becomes 

L™/2J / \ /IN n-2j 

" ' log a N 



2m 



We have completed the proof of the following closed- form formula for f n (a): 
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Theorem 2.4. The integral f n (a) is given by 

/»(«) = '"''il" ~ 1>! l 1 + (~ 1 )"K(") + 



Observe that if n is odd, the first term vanishes and there is no contribution of 
the odd zeta values. For n even, the first term provides a rational multiple of 7r™ in 
view of Euler's representation of the even zeta values 

The polynomial h n predicted in (1.14) can now be read directly from this ex- 
pression for the integral /„. Observe that h n has positive coefficients because the 
Bernoulli numbers satisfy (— l)- 7 ' -1 ^^ > 0. 

Note. The change of variables t — lux converts h n {a) into the form 

t^dt 



(2.10) K{a)= / 

J —i 



(l-e-*)(a + e*)' 



The integrals h n (a) for n = 2, • • • ,5 appear in [3] as 3.419.2, • • • ,3.419.6. The 
latest edition has an error in the expression for this last value. 



Conclusions. We have provided an evaluation of the integral 

roc j n 

(2.11) f n (a) := / j— 

Jo \ x ~ 



- n - x xdx 



l)(x + a) 
given by 

(2.12) n{l + a)Mo) = (-l) n n! [1 + (-l) n ]C(n) 



+ E ;j(2^-2)(-ir 1 B 2 ^(logar^. 

Symbolic calculation. We now describe our attempts to evaluate the integral 
f n {a) using Mathcmatica 5.2. For a specific value of n, Mathematica is capable of 
producing the result in (2.12). The integral is returned unevaluated if n is given as 
a parameter. 



Acknowledgments. The author wishes to thank Luis Medina for a careful reading 
of an earlier version of the paper. The partial support of NSF-DMS 0409968 is also 
acknowledged. 



6 



VICTOR H. MOLL 



References 

[1] T. Apostol: Introduction to Analytic Number Theory, 1976, Springer- Vcrlag, New York. 
[2] G. Boros and V. Moll: Irresistible Integrals, 2004, Cambridge University Press, New York. 
[3] I. S. Gradshtcyn and I. M. Rhyzik: Table of Integrals, Series, and Products, 6th edition, 

2000. Edited by A. Jeffrey and D. Zwillingcr. Academic Press, New York. 
[4] L. Lcwin: Dilogarithms and Associated Functions, 2nd edition, 1981. Elsevier, North Holland, 

Amsterdam, The Netherlands. 
[5] B. Shawyer: Resisting the Irresistible. Notes of the Canadian Mathematical Society, 37, 2005, 

page 10. 

[6] I. Vardi: Integrals, an Introduction to Analytic Number Theory. Amer. Math. Monthly, 95, 
1988, 308-315. 

[7] E. T. Whittaker and G. N. Watson: Modern Analysis, 1962. Cambridge University Press, 
New York. 

Department of Mathematics, Tulane University, New Orleans, LA 70118 
E-mail address: vhmamath.tulane.edu 



